Abstract. In this paper, we study the stability of the non-symmetric version of Nitsche's method without penalty for compressible and incompressible elasticity. For the compressible case we prove L 2 -convergence and H 1 -convergence of the error. For the incompressible case we prove H 1 -convergence of the velocity error and L 2 -convergence of the pressure error using a Galerkin least squares pressure stabilization.
1. Introduction. In his seminal paper from 1971 [12] , Nitsche introduced a consistent penalty method for the weak imposition of boundary conditions. The method relies on a penalty term, the parameter of which has to be sufficiently large in order for stability to be ensured. In 1995 [5] , Freund and Stenberg then suggested a non-symmetric version of Nitsche's method. The advantage of the non-symmetric version is that no lower bound has to be respected for the penalty parameter, it only needs to be strictly larger than zero. The symmetric and non-symmetric versions of Nitsche's method were further discussed by Hughes and co-workers in [9] , where the possibility of using the non-symmetric version with zero penalty parameter was mentioned. Penalty free non-symmetric methods have indeed been advocated for the discontinuous Galerkin method (see [13, 10, 7, 4] ). In the paper [2] , Burman proved that the non-symmetric Nitsche method is stable without penalty for scalar elliptic problems. The main observation in that paper is that although coercivity fails for the bilinear form when the penalty parameter is set to zero, the formulation can be proven to be inf-sup stable. Using the discrete stability optimal error estimates are obtained in the energy norm.
The non-symmetric version of Nitsche's method without penalty can be seen as a Lagrange multiplier method, where the Lagrange multiplier has been replaced by the boundary fluxes of the discrete elliptic operator. This leads to a method that is stable without any unknown parameter and without introducing additional degrees of freedom. Eliminating the penalty term appears to have some advantages in multi-physics coupling problems in elasticity, see for instance [3] and it is therefore interesting to understand the structure and stability mechanisms of the method in such a context.
In this paper we extend the results of [2] to the case of the equations of linear elasticity. Both the cases of compressible and incompressible elasticity are considered. The main difficulties compared to the scalar case are:
‚ the Nitsche boundary term is no longer based on the gradient but now contains the deformation tensor and the divergence; ‚ it is no longer clear that Korn's inequality holds; ‚ for incompressible elasticity the inf-sup condition must be shown to hold simultaneously for the boundary conditions and the pressure. We end this section by introducing the models of compressible and incompressible elasticity. Let Ω be a convex bounded domain in R 2 , with polygonal boundary BΩ. This boundary is decomposable such that BΩ " Y i Γ i with tΓ i u i the sides of the polygonal. f P " L 2 pΩq ‰ 2 is a given body force and g P " H 1{2 pΩq ‰ 2 the value of u at the boundary.
Compressible elasticity: find the displacement u : Ω Ă R 2 Ñ R 2 such that ∇¨σpuq " f in Ω, u " g on BΩ, (1.1) with σpuq :" 2µεpuq`λ p∇¨uq I 2ˆ2 .
Incompressible elasticity: find the velocity u : Ω Ă R 2 Ñ R 2 and the pressure p : Ω Ñ R such that´∇¨σ pu, pq " f in Ω,
with σpu, pq :" 2µεpuq`pI 2ˆ2 .
To ensure the divergence free property of the incompressible case we assume ş BΩ g¨n dx " 0 where n denotes the outward normal vector of the boundary.
Preliminaries.
The set tT h u h defines a family of quasi-uniform and shape regular triangulations fitted to Ω. We define the shape regularity as the existence of a constant c ρ P R`for the family of triangulations such that, with ρ K the radius of the largest circle inscribed in an element K, there holds
In a generic sense we define K as the triangles in a triangulation T h and h K :" diampKq is the diameter of K. Then we define h :" max KPT h h K as the mesh parameter for a given triangulation T h . P k pKq defines the space of polynomials of degree less than or equal to k on the element K. We define V k h and Q k h the finite element spaces of continuous piecewise polynomial functions
We define the spaces V :" "
For simplicity we will write the L 2 -norm on a domain Θ, }¨} L 2 pΘq as }¨} Θ . In this paper C will be used as a generic positive constant that may change at each occurrence, we will use the notation a À b for a ď Cb. We now recall several classical inequalities and various mathematical concepts.
Definition 2.1. There exists C T P R`such that for all u P H 1 pKq and for all K P T h , the trace inequality holds
Definition 2.2. There exists C I P R`such that for all u h P P k pKq and for all K P T h , the inverse inequality holds
Definition 2.3. LetK be the reference d-simplex and K " GpKq under the affine mapping G :
Then we can define the Piola transform P such that
Aẑ.
In our case the Piola transform will be used taking d " 2 as a rotation transformation. The term b in the definition of the Piola transform is equal to zero and the matrix A is a rotation matrix, by definition it gives detpAq " 1. In our case this transformation can be written as z " Ppẑq :" Aẑ.
The two-dimensional rotation that we defined is used to transform the generic fixed frame px, yq into a rotated frame pξ, ηq associated to each side Γ i of BΩ. This rotated frame has its first component tangent to the side Γ i of the polygonal boundary and its second component normal to this same side Γ i . Defining τ as the unit tangent vector to the boundary, a function z " pz 1 , z 2 q expressed in the two-dimentional rotated frame has the following propertieŝ
The hat denotes a value expressed in the rotated frame pξ, ηq. Figure 2 represents schematically how is defined this frame for a side Γ i . Fig. 1 . Representation of the rotated frame pξ, ηq, the first component of the frame is tangent to the side Γ i and the second component is normal to the side Γ i .
We define the function
To define v Γ , we regroup the boundary elements in closed patches P j with boundary BP j , j " 1, ..., N P . N P defines the total number of patches. The boundary elements are the elements with either a face or a vertex on the boundary. Let F j :" BP j X BΩ, we assume that every Γ i is partitioned by at least one F j . Note that P :" Y j P j . For details on the construction see [2] . For each F j there exists two positive constants c 1 , c 2 such that for all j c 1 h ď measpF j q ď c 2 h. Figure 2 gives a representation of a patch as defined above. The number of interior elements needed in the patch depends on the shape regularity of the mesh. The function v Γ is defined such that
for each patch P j , the function v j is defined such that
be defined for each node r i P T h such that
with i " 1, . . . , N n . N n is the number of node in the triangulation T h andF j defines the interior of the face F j . Fig. 2 . Example of a patch P j , the function φ j is equal to 0 in the non-filled nodes, 1 in the filled nodes. In this case there is only one patch on the represented side of the polygonal domain.
We write v j for each patch as v j " pα 1 v j1 , α 2 v j2 q T . For simplicity of notation we will use v 1 , v 2 respectively instead of v j1 , v j2 . To define v 1 and v 2 we need to define the P 0 -projection of a function u on a face F j
For simplicity of notation we will use most of the time the notation u j :" P j u. We note thatû h " pû 1 ,û 2 q T , we may now define v 1 and v 2 by the relations
Note that the following inequality holds on the faces F j
We also note that by the Poincaré inequality, on each patch P j the function v j has the following property
Using (2.3), the trace inequality of Lemma 2.1 and the triangle inequality we can show
Considering (2.1) and the Lemma 4.1 of [2] we can obtain the two inequalities
In the analysis, we will need a particular form of Korn's inequality. To prove this alternative form of the Korn's inequality we need to define first the following seminorm
with Γ i the i th side of the polygonal boundary BΩ, i " 1, ..., N b , N b is the number of side of the boundary. Let P Γi u be the P 0 -projection of u on the side Γ i .
Proposition 2.4. For all u P V the seminorm (2.7) is a norm on RM with RM :"
Proof. Since |u| Γ is a seminorm, we only need to show that |u| Γ " 0 ñ u " 0 @u P RM. First note that
We also know that u P RM then
Considering two sides Γ 1 and Γ 2 we obtain
Observe that we only need P Γ1 px 1 q ‰ P Γ2 px 1 q or P Γ1 px 2 q ‰ P Γ2 px 2 q to obtain c 1 " c 2 " b " 0. One of these condition is always true since pP Γ1 px 1 q ; P Γ1 px 2and pP Γ2 px 1 q ; P Γ2 px 2are respectively the mid-points of the sides Γ 1 and Γ 2 . This implies
The alternative form of the Korn's inequality which will allow us to control the deformation tensor is expressed in the following theorem.
Theorem 2.5. There exists a positive constant C K such that @u P V
Proof. This proof is inspired by the proof of the Korn's inequality in [1] . First we defineṼṼ :"
We know that, V "Ṽ ' RM. Therefore, given any u P V , there exists a unique pair pz, wq PṼˆRM such that
By the Open Mapping Theorem (Theorem 15 chapter 15 of [11] ) there exists a positive constant C 1 such that
We establish the theorem by contradiction. If the inequality that we want to show does not hold for any positive constant C K , then there exists a sequence tu n u Ď V such that
For each n, let u n " z n`wn , where z n PṼ and w n P RM, then }ε pz n q} Ω " }ε pu n q} Ω ă 1 n .
The second Korn's inequality then implies that z n ÝÑ 0 in V . It follows from (2.8) and (2.9) that tw n u is a bounded sequence in V . But since RM is finite dimensional, tw n u has a convergent subsequence tw nj u in V . Then the subsequence tu nj " z nj`wnj u converges in V to some u P RM, we obtain
and |u| Γ " 0.
The Proposition 2.4 tells us that |¨| Γ is a norm on RM, then we can write
which contradicts the equation (2.11).
3. Compressible elasticity. The first case that we consider is the compressible problem described by the system (1.1). We have the following weak formulation: find u P V g such that
where px, yq Ω is the L 2 -scalar product over Ω, V g :"
) and a pu, vq " p2µεpuq, εpvqq Ω`p λ∇¨u, ∇¨vq Ω .
3.1. Finite element formulation. The non-symmetric Nitsche's method without penalty applied to the compressible elasticity problem (1.1) leads to the following variational formulation, find
where the bilinear forms A h and L h are defined as
The bilinear form b is defined as
3.2. Stability. The main goal of this section is to show the inf-sup condition. We first prove two technical Lemmas.
Lemma 3.1. @u h P V k h , on each patch P j for v j P V k h as defined in equation (2.1) and @ǫ ą 0, the following inequality holds
Proof. In the rotated frame pξ, ηq, applying the definition of the P 0 -projection, we can write the bilinear form as
First we observe that
Bv1
Bξ "∇¨pv 1 , 0q T . Using the trace inequality, the inverse inequality and (2.6), we can show
Bξ dŝ " 0, using these properties and the inequality (2.3), it follows that
Using (2.1) we can obtain similarly
as defined in equation (2.1) and @ǫ ą 0, the following inequality holds
Proof. In the rotated frame pξ, ηq, applying the definition of the P 0 -projection, we can write the bilinear form similarly as in the previous proof
Term by term we obtain
We observe that
Bv2
Bξ "∇p0,v 2 q T¨τ . Using the trace inequality, the inverse inequality and (2.6), we can show
Note that since şF j
Bξ dŝ " 0, we obtain
Definition 3.3. We define the triple norm of a function w P V as
, there exists positive constants β 0 and h 0 such that the following inequality holds for h ă h 0
Proof. Decomposing the bilinear form, we can write the following
Clearly we have
Using the Cauchy-Schwarz inequality and the inequalities (2.6), we can write the two terms defined over P j as
Combining the inequality (2.4) with the trace and inverse inequalities of Lemmas 2.1 and 2.2, followed by (2.6) we obtain
Considering Lemmas
The Theorem 2.5 gives
Assuming that each side Γ i contains at least one F j , the properties of the P 0 -projection allows us to write Then we can use the following bound
Using this result, we can rewrite the bilinear form A h pu h , v h q as
Considering the inequality (2.5) we obtain
with the constants
First we choose ǫ " µCK 5µ`4λ , for h small enough C b and C c will be positive respectively for
C a´Cb´Cc will be positive for
h 0 is the biggest value of h that can be considered. By looking at the order of the constants, we can see that
If λ is large compared to µ, h 0 has to be very small. This reflects the locking phenomena that is well known for finite element method using low order H 1 -conforming spaces. Theorem 3.5. There exists positive constants β and h 0 such that for all functions u h P V k h and for h ă h 0 , the following inequality holds
Proof. Considering Lemma 3.4, the only thing that we need to show is
Using the definition of the test function, the triangle inequality gives
The definition of the triple norm gives
Recalling the inequalities (2.6) and
it gives the appropriate upper bounds considering the definition of v Γ › › ›µ
Using the trace inequality 2.1 for the boundary terms and the inequality (2.4) we can write
We note that O pβq " O´µ λ`µ¯.
3.3.
A priori error estimate. Using the stability proven in the previous section we may deduce the a priori error estimate in the triple norm. We first prove the consistency of the method in the form of a Galerkin orthogonality. Lemma 3.6. If u P " H 2 pΩq ‰ 2 is the solution of (1.1) and u h P V k h the solution of (3.1) the following property holds for h ă h 0
Proof. We observe that
We introduce an auxiliary norm, in order to study the a priori error estimate }w}˚"~w~`› › ›µ
, there exists a positive constant M such that the bilinear form A h p¨,¨q has the property
Proof. Using the Cauchy-Schwarz inequality it is straightforward to write pλ∇¨w, ∇¨v h q Ω`p 2µε pwq , ε pv hΩ À }w}˚~v h~, xλ∇¨w, v h¨n y BΩ`x λ∇¨v h , w¨ny BΩ À }w}˚~v h~.
The trace inequality and the inequality (2.4) allows us to write
is the solution of (1.1) and u h P V k h the solution of (3.1) with h ă h 0 . k is the order of the polynomial approximation, C µλ is a positive constant that depends on µ, λ and the mesh geometry, then there holds
Proof. Let i k SZ denote the Scott-Zhang interpolant [14] , the approximation property for each K P T h gives
Using this property and the trace inequality it is straightforward to show that
Using the Galerkin orthogonality of Lemma 3.6, the Theorem 3.5 and the Lemma 3.7 we can write
Using this property and the triangle inequality we obtaiñ
Note that O pC µλ q " O´β´1´λ
The convergence of the L 2 -error suffers of suboptimality of order O`h 1{2˘d ue to the non-symmetric property of the method used leading to a lack of adjoint consistency.
Proposition 3.9. Let u P " H k`1 pΩq ‰ 2 be the solution of (1.1) and u h the solution of (3.1) with h ă h 0 . k is the order of the polynomial approximation, C 1 µλ is a positive constant that depends on µ, λ and the mesh geometry, then
Proof. Let z satisfy the adjoint probleḿ 2µ∇¨εpzq´λ∇ p∇¨zq " u´u h in Ω,
Then we can write
By Lemma 3.6, using pz´i 1 SZ zq| BΩ " 0 and similar arguments as in the proof of Lemma 3.7 we can write
The global trace inequalities }εpzq¨n} BΩ À }z} H 2 pΩq and }∇¨z} BΩ À }z} H 2 pΩq , leads to
Using inequalities (3.5) and (3.6) we obtain
We conclude applying the regularity estimate }z} H 2 pΩq À }u´u h } Ω . Note that
4. Incompressible elasticity. In this part we consider the problem (1.2) and we prove the stability for this configuration similarly as the previous part for the compressible case. For incompressible elasticity we have to manage one more unknown, the pressure. We choose to work with equal order interpolation for the velocity and the pressure and add a pressure stabilization to recover stability. Note that in this part we re-define the bilinear forms, the triple norm and the star norm. We have the following weak formulation: find pu, pq P V gˆL 2 pΩq such that a rpu, pq , pv, qqs " pf , vq Ω @ pv,P V 0ˆL 2 pΩq , with a rpu, pq , pv, qqs " p2µεpuq, εpvqq Ω´p p, ∇¨vq Ω`p ∇¨u,Ω .
Finite element formulation.
The non-symmetric Nitsche's method without penalty applied to the incompressible elasticity (1.2) gives the following variational formulation, find
S h denotes the stabilization term, we define
Stability.
We proceed similarly as for the compressible case, we define first the triple norm.
Definition 4.1. We define the triple norm of pw, ̺q P VˆL 2 pΩq as
h with v h " u h`vΓ and q h " p h , there exists positive constants β 0 and h 0 such that the following inequality holds for h ă h 0
Using the Cauchy-Schwarz inequality and an inverse inequality we can write
The second part can be written as
Term by term we can obtain a lower bound of each term, note that most of the terms have been studied in the compressible case. The lower bound of the only remaining term can be found using the inequalities (2.6) and the inequality (2.4), we get
The full bilinear form gives
Similarly as for the compressible case, using the Theorem 2.5 and the inequality (2.5) we obtain
We choose ǫ " , for h small enough C e and C f will be positive respectively for
C c´Ce´Cf will be positive for
h 0 is the biggest value of h that can be considered, we observe that
We remark that contrary to the case of compressible elasticity we see that the constants are independent of the physical parameters, this reflects that the mixed method is locking free. Theorem 4.3. There exists positive constants β and h 0 such that for all functions pu h , p h q P V k hˆQ k h and for h ă h 0 , the following inequality holds
Proof. Considering Lemma 4.2, the only thing that we need to show is
Using the definition of the test functions, the triangle inequality gives
The triple norm of pv Γ , 0q is
The claim follows from equations (3.3, 3.4) of Theorem 3.5. Note that O pβq " O p1q.
4.3.
A priori error estimate. The stability proven in the previous section leads to the study of the error estimate in the triple norm, the Galerkin orthogonality is characterized by the following consistency relation.
Lemma 4.4. If pu, pq P " H 2 pΩq ‰ 2ˆH 1 pΩq is the solution of (1.2) and pu h , p h q P V k hˆQ k h the solution of (4.1) the the following property holds
The star norm of pw, ̺q used for the continuity of A h rp¨,¨q , p¨,¨qs is defined as }pw, ̺q}˚:"~pw, ̺q~`› › ›µ 
We conclude by applying the stability
5. Numerical results. In this section we will present some numerical experiments verifying the above theory. The package FreeFem++ [8] was used for the numerical study. For each test we consider the domain Ω as the unit square r0, 1sˆr0, 1s. For both cases, compressible and incompressible elasticity we use a manufactured solution to test the precision of the method.
Compressible elasticity.
The two dimensional function below is a manufactured solution considered for the tests
The non-symmetric Nitsche's method without penalty given by equation (3.1) is used to compute approximations on a scheme of structured meshes. We consider first and second order polynomials and we study the L 2 and H 1 -convergence rates for both cases. We choose µ " 1 and consider several values of λ in order to see numerically the locking phenomena for large values of λ compared to µ. The piecewise affine case (Figure 3) shows the locking for λ " 10 5 . When λ becomes too large, the convergence of the error does not hold if h max is not small enough. When the piecewise quadratic approximation is used (Figure 4 ), the problem with large values of λ only changes the value of the error constant and has negligible effect on the observed rates of convergence. The numerical results show that for both cases the rate of convergence of the H 1 -error corresponds to what has been shown theoretically. For the L 2 -error, we observe a convergence of order O`h k`1˘.
Incompressible elasticity.
The manufactured solution considered in this part defines the velocity and the pressure respectively such that u "ˆs inp4πxqcosp4πyq cosp4πxqsinp4πyq˙, p " πcosp4πxqcosp4πyq.
The non-symmetric Nitsche's method without penalty given by equation (4.1) is used to compute approximations on a scheme of structured meshes. We take µ " 1, a range of values of γ has been considered in the tests to study numerically the effect of the stabilization parameter on the computational error. or all the values of γ considered and for h max small enough.
